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Abstract In this paper, we first establish some existence theorems of systems of genera-
lized vector equilibrium problems. From these results, we obtain new variants of Ekeland’s
variational principle in a Hausdorff t.v.s., a minimax theorem and minimization theorems.
Some applications to the existence theorem of systems of semi-infinite problem, a variant of
flower petal theorem and a generalization of Schauder’s fixed point theorem are also given.
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1 Introduction

The celebrated variational principle due to Ekeland [10] is an important tool in various fields
of applied mathematical analysis and nonlinear analysis. Generalizations and variants of the
Ekeland’s variational principle were developed by several authors in different directions in
the past; see [7, 8, 14-19, 21, 27-29, 32-34] and references therein. It is well-known that the
original Ekeland’s variational principle (in short EVP) [11-13, 19, 28, 34] is equivalent to
the Caristi’s fixed point theorem [5, 33], to the Takahashi’s nonconvex minimization theorem
[33], to the drop theorem [18, 30], and to the flower petal theorem [18, 30].

Let X be a nonempty subset of a topological space and f: X x X — R be a function
with f(x,x) > 0 for all x € X. Then, the scalar equilibrium problem is to find x € X
such that f(x,y) > 0 for all y € X. The equilibrium problem was extensively investigated
and generalized to the vector equilibrium problems for single-valued or multivalued maps
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and contains optimization problems, variational inequalities problems, the Nash equilibrium
problems, fixed point problems, complementary problems, bilevel problems and semi-infinite
problems as special cases and applications; see [2, 4, 6, 13, 20, 22-25, 31] and references
therein.

Till now, to our knowledge, almost all generalizations and applications on EVP are es-
tablished on complete metric spaces or Banach spaces (if the convexity assumptions on
sets or functions are needed). In this paper, we establish a variant of EVP on a topological
vector space (in short t.v.s.) which is proved by an existence theorem of equilibrium pro-
blem. In our new variants of EVP, the functions we considered does not assume to be proper
and bounded from below and we use quasi-distances instead of metrics (even other weakly
(quasi-)metrics). Our variants of EVP are quite different from [7, 14-17, 34]. We give some
applications to extend Schauder’s fixed point theorem and obtain some common fixed point
theorems. We also apply our variants of EVP to optimizational problem and give some equi-
valence relations between EVP, common fixed point theorem, maximal element theorem and
minimization theorem.

The paper is divided into six sections. In Sect. 3, we first study a systems of generalized
vector quasi-equilibrium problem, from which we establish some new variants of EVP in
a Hausdorff t.v.s in Sect. 4. Our results and methods are quite different from [7, 8, 14-19,
21, 27-29, 32-34]. In Sect. 5, we establish some equivalent formulations of our theorems.
Finally, in Sect. 6, we give some applications to study systems of semi-infinite problems,
a variant of flower petal theorem, a generalization of Schauder’s fixed point theorem and a
minimax theorem. Our techniques and some results are quite original in the literatures.

2 Preliminaries

Throughout this paper, we denote the set of real numbers by R. Let A and B be nonempty
sets. A multivalued map 7: A — B is a function from A to the power set 28 of B. We denote
T(A) = J{T(x): x € A}andlet T~ : B — A be defined by the condition that x € T~ (y)
if and only if y € T'(x). Let X and Y be topological spaces. A multivalued map 7: X — Y
is said to be (i) upper semi-continuous (in short u.s.c.) at x € X if for every openset V in Y
with T'(x) C V, there exists an open neighborhood U (x) of x such that 7 (x") C V for all
x" € U(x); (ii) lower semi-continuous (in short 1.s.c.) at x € X if for every open set Vin Y
with T'(x) (| V # 0, there exists an open neighborhood U (x) of x such that T (x") (| V # @
for all x” € U (x); (iii) u.s.c. (resp. L.s.c.) on X if T is u.s.c. (resp. L.s.c.) at every point of X;
(iv) closed if GrT = {(x,y): x € X,y € T(x)}is closed in X x Y. (v) compact if there
exists a compact set K such that 7(X) € K.

Let Z be a real t.v.s. with zero vector 8, D a proper convex cone in Z and A € Z. A point
y € A is called a vectorial minimal point of A ifforany y € A,y —y ¢ —D \ {6}. The set
of vectorial minimal point of A is denoted by Minp A. The convex hull of A and the closure
of A are denoted by coA and cl A, respectively.

Definition 2.1 Let X be a nonempty convex subset of a vector space E, Y be a nonempty
convex subset of a vector space V and Z be arealt.vs.Let F: X XY —o ZandC: X — Z
be multivalued maps such that for each x € X, C(x) is a nonempty closed convex cone.
For each fixed x € X, y — F(x,y) is called C(x)-quasiconvex if for any y;, y» € Y and
A € [0, 1], we have either

F(x,y1) € F(x,Ay1 + (1 —A)y2) + C(x)
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or
F(x,y) S F(x,Ay1 + (1 = 2)y2) + C(x).

The following Lemmas and theorems are crucial in this paper.

Lemma 2.1 [1, 35] Let X and Y be Hausdor{f topological spaces, T : X — Y be a multi-
valued map. Then T is Ls.c. at x € X if and only if for any y € T (x) and for any net {x,} in
X converging to x, there exists a subnet {xy)}ren of {xo} and a net {y; }ren with y, — y
such that y; € T (xgn)) for all A € A.

Lemma 2.2 [26] Let Z be a Hausdorff t.v.s. and C be a closed convex cone in Z. If A is a
nonempty compact subset of Z, then Minc A # (.

Lemma 2.3 [3] Let X and Y be Hausdorf{f topological spaces, T : X — Y be a multivalued
map.

(i) If T is an u.s.c. multivalued map with closed values, then T is closed;
(i) IfY is acompact space and T is closed, then 7 is u.s.c.;
(iii) If X is compact and T is an u.s.c. multivalued map with compact values, then 7 (X)
is compact.

Theorem 2.1 [9] Let I be any index set. Let { X;}ic1 be a family of nonempty convex subsets,
where each X; is contained in a Hausdorfft.v.s. E;. Foreachi € I,let S;: X = [[;o; Xi —
X be a multivalued map such that

iel

(i) foreachx = (xi)ie; € X, x;i & coSi(x);
(ii) foreachy; € X;, S; (yi) is openin X;
(iii)  there exist a nonempty compact subset K of X and a nonempty compact convex subset
M; of X; for alli € I such that for each x € X \ K, there exists j € I such that
M;NS;(x) #0.

Then there exists x € X such that S;(x) =@ foralli € I.

3 Existence theorems of systems of generalized vector equilibrium problems

The following existence theorem of systems of equilibrium problems is one of the main results
of this paper. It has many applications in variants of EVP in a Hausdorff t.v.s., semi-infinite
problems, fixed point theorems, minimax theorems, and optimization problems.

Theorem 3.1 Let I be any index set. For each i € I, let X; be a nonempty subset of a t.v.s.
E;, Y; be a nonempty closed convex subset of a Hausdorff t.v.s. Vi, U; and Z; be real t.v.s.
Let X = [l;e; Xiand Y = [];c; Yi. Foreachi € I, let Ci: Y — U;, Dj: Y —o Z;,
Fi: X XY — Ujand Gi: Y x Y; — Z; be multivalued maps with nonempty values and
T;: Y —o Y; be a multivalued map with nonempty convex values. Let u € X. For eachi € I,
letWi ={yeY: Fi(u,y) CCi(V)}, H; ={yi € Yi: Fi(u,y) € Ci(y) fory = (yi)ier €Y}
and let A;: Y — Y; be defined by A;(y) = {z; € Yi: Gi(y,z;) € Di(y)}. Foreachi € I,
suppose that the following conditions are satisfied:

(i) W, is a nonempty closed subset of Y ;
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(ii) foreachy = (y)ie1 €Y, Gi(y,yi) € Di(y);

(iii) foreachy €Y, T;(y) € H; and A;(y) is convex;

(iv) foreachz; € Y, T; (z;) and A; (z;) are openinY;

(v) there exist a nonempty compact subset K of Y and a nonempty compact convex subset
M; of Y; for each i € I such that for each ' y € Y \ K there exist j € I and
zj € Mj N Tj(y) suchthat G(y,z;) € D;(y).

Then, there exists v € Y such that for eachi € I, F;(u, v) € C;(v) and G; (v, y;) € D;(v)
for all y; € T;(v).

Proof For eachi € I, define a multivalued map ¢; : ¥ — Y; by

oy _ TN Ai(y), ifyeW
(pl(y)_[Ti(Y), if yeY\w.

Then foreachi € I, y; ¢ cop;(y) forally = (y;)ier € Y. Indeed, foreachi € I,ify € W;,
then ¢; (y) = T;(y) N Ai (y) € A;(y). By (iii), we have cog; (y) € A;(y). By (ii), we have
vi ¢ Ai(y) and hence y; ¢ cog;(y). On the other hand, if y € Y \ W;, then y; ¢ H;. By (iii)
and the convexity of 7;(y), we have y; ¢ cog;(y). Hence for eachi € I, y; ¢ coy;(y) for
all y = (yi)ies € Y. Itis easy to see that foreachi € [ and z; € V3,

@ @) =T, @) NA; @IV \ W) NT (z)].

Thus, from our hypothesis, ¢, (z;) is openin Y for each (i, z;) € I x Y;. By (v), there exist
a nonempty compact subset K of ¥ and a nonempty compact convex subset M; of Y; for
each i € [ such that for each y € Y \ K there exist j € I, such that M; N¢;(y) # .
Applying Theorem 2.1, there exists v € Y such that ¢; (v) =@ foralli € I.If v ¢ W;, then
B # T; (v) = @i (v) = ), which leads to a contradiction. Therefore, v € W; and y; ¢ A;(v)
for all y; € T;(v). The proof is completed. ]

Corollary 3.1 Let I be any index set. For eachi € I, let X; be a nonempty subset of a t.v.s.
E;, Yi be a nonempty closed convex subset of a Hausdorff t.v.s. V;, U; and Z; be real t.v.s.
Let X = [l;e; Xiand Y = [];c; Yi. Foreachi € I, let C;j: Y —o U; be a multivalued
map with nonempty values, D;: Y —o Z; be a closed multivalued map such that Dj(x)
is a nonempty convex cone for each x € X, F;: X xY —o U;jand G;: Y xY; — Z;
be multivalued maps with nonempty values and T;: Y —o Y; be a multivalued map with
nonempty convex values. Let u € X. Foreachi € I, let W; = {y € Y: F;(u,y) € Ci(y)},
Hi ={y; € Yi: Fi(u,y) C Ci(y), fory = (yi)ier € Y}. Foreachi € I, suppose that

(i) W; is a nonempty closed subset of Y ;
(i) foreachy = (yi)ier €Y, Gi(y, yi) € Di(y);
(iii) foreachy €Y, Ti(y) C H; and for each z; € Y;, T; (z;) isopenin Y ;
(iv) foreachy €Y, Gi(y,-) is D;(y)-quasiconvex and for each z; € Y;, G (-, z;) is Ls.c.;
(v) there exist a nonempty compact subset K of Y and a nonempty compact convex subset
M; of Y; for each i € I such that for each 'y € Y \ K there exist j € I and
zj € Mj N Tj(y) suchthat Gj(y,z;) ¢ Dj(y).

Then there exists v € Y such that foreachi € I, F;(u, v) C C;(v) and G; (v, y;) € D;(v)
for all y; € T; (v).

Proof Foreachi € I,let A;: Y — Y; be defined by

Ai(y) =1z €Yi: Gi(y,z)) € Di(y)}.
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We first show that for each (i,z;) € I x Y;, A7 (z;) isopenin Y. Let y € c/(Y\A; (2;)).
Then there exists a net { Yo }aca in Y\A; (z;) such that y, — y. Thus we have G;(yq, zi)
D;(yy). By the closedness of Y, y € Y. Also, we obtain G;(y, z;) € D;(y). Indeed, for any
w € G;(y, zi), since G; (-, z;) is L.s.c. at y and y, — y, by Lemma 2.1, there exists a subnet
{Va; }ren of {yo} and a net {w; }yea with w; — w such that wy € G;(yq;, 2i) S Di(Ya,)
forall A € A. Since D; is closed, we have w € D;(y). Thus, G;(y, z;) € D;(y). Therefore,
y € Y\A; (z;) and hence A; (z;) is open in Y. Next, we claim that for each (i, y) € I x Y,
A;i(y) is convex. Let a;, b; € A;(y). Then G;(y,a;) € D;(y) and G;(y, b;) € D;i(y). By
the convexity of Y;, ei()‘) :=Aa; + (1 — 1)b; € Y; for all A € [0, 1]. Suppose to the contrary
that there exists A9 € (0, 1) such that G; (y, efk‘))) C D;(y). By the D;(y)-quasiconvexity of
Gi(y, ), either

Gi(y.a)) € Gi(y,e™) + Di(y) € D;(y)
or
Gi(y,bi) € Gi(y, ) + Di(y) € Di(y).

This leads to a contradiction. Hence for each (i, y) € I x Y, A;(y) is convex. Therefore, all
the conditions of Theorem 3.1 are satisfied and the conclusion follows from Theorem 3.1. O

Using the same argument in the proof of Corollary 3.1, we have the following result.

Lemma 3.1 Let X beat.v.s.and U be arealt.v.s. Let F: X x X — U be a multivalued map
with nonempty values and C: X —o U be a closed multivalued map with nonempty values.
Let u € X. If there exists w = w(u) € X such that F(u, w) € C(w) and F(u, -) is Ls.c.,
then W = {x € X: F(u,x) € C(x)} is a nonempty closed subset of X.

Note that RT := [0, oo) and R~ := (—00, 0] are closed convex cones in (—oo, co]. From
Lemma 3.1 and Corollary 3.1, we have the following result.

Corollary 3.2 Let I be any index set. For eachi € I, let X; be a nonempty subset of a t.v.s.
E;, Yi be a nonempty closed convex subset of a Hausdorff t.v.s. V;. Let X = [];c; Xi and
Y = Hie[ Yi. Foreachi € I, let F;: X X Y — (—00,00]land G;: Y x Y; — (—00, 0]
be multivalued maps with nonempty values and T; : Y — Y; be a multivalued map with
nonempty convex values, and let H; = {y; € Y;: Fi(u,y) CR™, for y = (y;)ie; € Y}. Let
u € X. Foreachi € I, suppose that there exists w = w(i, u) € Y such that Fj(u, w) C R™.
For eachi € I, suppose that

(i) F(u,-)isls.c;
(i) foreachy = (yi)ier €Y, Gi(y, yi) € RT;
(iii) foreachy €Y, Ti(y) C H; and for each z; € Y;, T; (z;) isopeninY;
(iv) foreachy €Y, Gi(y,-) is Rt -quasiconvex and for each z; € Y;, G; (-, z;) is Ls.c.;
(v) there exist a nonempty compact subset K of Y and a nonempty compact convex
subset M; of Y; for each i € I such that for each x € Y\K there exist j € I and
zj € MjNTj(y) such that Gj(y, z;) ¢ RT.

Then there exists v € Y such that sup F;j(u, v) < 0and inf G;(v, T;(v)) > Oforalli € I.

The following result is a powerful tool to establish variants of EVP in a Hausdorff t.v.s in
Sect. 4.
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Theorem 3.2 Let X be a nonempty subsets of a t.v.s. E and Y be a Hausdorff t.v.s. Let
f:XxY — (—oo,00]landg: Y xY — (—00, 00] be functions. Let u € X. Suppose that

(i) W={yeY: f(u,y) <O0}isanonempty closed convex subset of Y ;
(ii) foreachyeY, g(y,y) >0
(iii) foreachx €Y, g(x,-) is quasiconvex and for each'y € Y, g(-, y) is u.s.c.;
(iv)  there exist a nonempty compact subset K of 'Y and a nonempty compact convex subset
M of Y such that for each y € Y \ K there exists z € M such that f(u,z) < 0 and
g(y,2) <0.

Then there exists v € Y such that f(u,v) < 0and g(v,y) >Oforally € W.

Proof LetU = Z = (—oo,00]and C, D: Y — (—00, 00] be defined by C(y) = R~ and
D(y) =Rt forally € Y.Let T: Y —o Y be defined by

T(y)=W forallye?Y

Y, ifzeW

A Tﬁ(Z)Z’@, ifze ¥\ W

and A: Y —o Y defined by
Ax)={yeY: g(x,y) <0}.

Then T~ (z) isopen in Y for all z € Y. By (i), T(y) = W is a nonempty closed convex
subset of Y for all y € Y. By (ii), g(y, y) € D(y) foreach y € Y. By (iii), foreach y € Y,
A (y)={xeY: g(x,y) <0}isopeninY and foreach x € Y, A(x) is convex. Therefore,
all the conditions of Theorem 3.1 are satisfied and the conclusion follows from Theorem 3.1.

[m}

4 Variants of EVP in Hausdorff t.v.s.

In this section, we first introduce the concepts of £-function and quasi-distance.
Definition 4.1 Let X be at.v.s. A function p: X x X — (—o00, o0] is called

(a) af-function if the following are satisfied:
(L1) p(x,x)>0forall x € X;
(L2) forany x € X, p(x, -) is convex;
(L3) forany y € X, p(-,y) isu.s.c.
(b) aquasi-distance on X if the following are satisfied:
(OD1) p(x,x)>0forall x € X;
(OD2) p(x,z) < p(x,y)+ p(y,z) forany x, y,z € X;
(QD3) forany x € X, p(x, -) is convex and l.s.c.;
(QD4) forany y € X, p(-, y) isu.s.c.

Obviously, a quasi-distance is a £-function, but the converse is not true. It is easy to see
that if p; and p; are quasi-distances (resp. ¢-functions) and « > 0, then ap; and p; + p>
are quasi-distances (resp. £-functions).

Example A

(a) Let X be a Hausdorff t.v.s. and f: X — (—o00, 00] be a L.s.c. and convex function.
Then, the function p: X x X — (—o00, oo] defined by p(x,y) = f(y) — f(x)is a
quasi-distance on X.
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(b) Let H be an inner product space equipped with a inner product (-,-)and T: H — H
be a continuous map. Then, the function p: X x X — [0, co) defined by p(x,y) =
(y — x, Tx) is a £-function.

(c) Let (X, ||-]]) be a normed vector space.

()]

(@)

The function p: X x X — [0, co) defined by

px,y)=allx —yll+ f(x)+ g

is a quasi-distance on X, where a > 0, f: X — [0, 00) is a u.s.c. function and
g: X — [0, oo) is aconvex and l.s.c. function. In particular, any constant function
on X x X, the function p: X x X — [0, oo) defined by p(x, y) = ||x|| + ||yl
and the metric d(x, y) = ||x — y|| are quasi-distances on X;

The function p : X x X — [0, 0co) defined by

p(x,y) =max{[[Tx — y|, ITx — Ty}

is a quasi-distance on X, where 7': X — X is an affine continuous map. Indeed,
(QD1) holds clearly. For any x, y, z € X, since

p(x,z) = max{[|[Tx —z||, | Tx — Tz|}}
max{||7x — yll, ITx — Tyll} + max{[|Ty —z||, ITy — Tzll}
=p&,y)+p©,2),

IA

this shows that (Q D2) holds. Since

px,y) = max{||Tx — yll, |Tx — Ty}
_ T =yl = ITx = Tyl + ITx = yll + ITx = Tyl
2
and by the continuity of 7" and [|-]|, p: X x X — [0, c0) is a continuous function.

Hence (Q D4) holds. For any x € X, we claim that p(x, -) is convex. Let yi,
y2 € X and A € [0, 1]. Since T is affine, we have

plx, Ayr + (I = A)y2)
< max{A [|Tx —yill + (L =) [ITx — yall,
MITx =Tyl + A =2) ITx = Ty}
Ap(x, y1) + (1 = A p(x, y2).

IA

So (Q D3) holds. Therefore p is a quasi-distance on X.

The following result is a variant of EVP for quasi-distances in a Hausdorff t.v.s. It is quite
different from EVP in metric spaces or quasi-metric spaces.

Theorem 4.1 Let X be a Hausdorff t.v.s. Let f: X — (—o00, 00] be a l.s.c. and convex
function and p: X x X — (—00,00] be a quasi-distance. Let u € X with p(u,u) = 0
and ¢ > 0. Suppose that there exist a nonempty compact subset K of X and a nonempty
compact convex subset M of X such that for each 'y € X \ K there exists z € M such that
epu,z) < f(u) — f(@) and ep(y,z) < f(y) — f(2). Then there exists v € X such that

(i) epu,v) < fu) — f(v);
(ii) ep(v,x) > f(v) — f(x) forall x € X.
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Proof Since p is a quasi-distance, ep is also a quasi-distance. Define i, g: X x X —
(=00, 0o] by

h(x,y) = g(x,y) =ep(x,y) — f(x) + f(¥).
By the lower semi-continuity and the convexity of f and p(u, -),
Wi=xeX h(u,x) <0}={xeX:eplu,x) < fu) — f(x)}

is a nonempty closed convex subsets of X. Clearly, g(x,x) > O for each x € X. By the
upper semi-continuity of — f and p(-, y), the function x — g(x, y) isu.s.c. forall y € X.
By the convexity of f and p(x, -), the function y — g(x, y) is convex for all x € X. By our
hypothesis, there exist a nonempty compact subset K of X and a nonempty compact convex
subset M of X such that for each y € X \ K there exists z € M such that h(u, z) < 0 and
g(y,z) < 0. Therefore, all the conditions of Theorem 3.2 are satisfied. Thus there exists
v € X such that

1) ep(u,v) = f(u) — f(v);
(i) ep(v,x) > f(v) — f(x) forallx € W.

For any x € X \ W, since

elp(u,v) + p(v, x)] = ep(u, x)
> f(u) — f(x)
> ep(u,v) + f(v) — f(x),

it follows that ep(v, x) > f(v) — f(x) forall x € X \ W. Hence ep(v, x) > f(v) — f(x)
for all x € X. The proof is completed. O

Remark 4.1

(a) Using Example A and Theorem 4.1, we can obtain several different variants of EVP in
different spaces.

(b) Our variant of EVP (Theorem 4.1) is quite different from [7, 8, 14-19, 21, 27-29,
32-34]. Theorem 4.1 is comparable to the original EVP in the following aspects:

(1) InTheorem 4.1, the functions we considered are defined on a Hausdorff t.v.s., but
in the original EVP, the functions are defined on a complete metric space;

(2) In the original EVP, the function f is assumed to be proper, l.s.c. and bounded
from below, but in Theorem 4.1, f is not assumed to be proper and bounded from
below. We only assume that f: X — (—o00, oo] is a l.s.c. and convex function;

(3) In Theorem 4.1, we use quasi-distances instead of metrics (even other weakly
(quasi-)metrics).

The following results are variants of EVP for £-functions in a Hausdorff t.v.s.

Theorem 4.2 Let X be a Hausdorff t.v.s. Let f: X — (—o00, 00] be a l.s.c. and convex
function, p: X x X — (—00, 00] be a {-function and ¢ > 0. Suppose that there exist a
nonempty compact subset K of X and a nonempty compact convex subset M of X such that
foreachy € X \ K there exists 7 € M such that ep(y, z) < f(y) — f(z). Then, there exists
v € X such that ep(v, x) > f(v) — f(x) forall x € X.

Proof Definek: X x X — (—o00, 0o] by k(x, y) =0 forall (x, y) € X x X. Then for any
xeX, Wi={yeX:k(x,y) <0} =X.Letg: X x X - (—00, 0] be the same as in
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Theorem 4.1. Using the same argument in the proof of Theorem 4.1, one can verify that all
the conditions of Theorem 3.2 are satisfied. By Theorem 3.2, there exists v € X such that
ep(v,x) > f(v) — f(x) forallx € X. O

Remark 4.2 Although a quasi-distance is a £-function, Theorem 4.1 is not a special case of
Theorem 4.2 because the conclusion (i) in Theorem 4.1 can’t be deduced by Theorem 4.2.

Theorem 4.3 Let X be a Hausdorff t.v.s. Let f: X — (—o00, 00] be a l.s.c. and convex
function, p: X x X — (—00,00] be a {-function and ¢ > 0. Let u € X. Suppose that
there exist a nonempty compact subset K of X and a nonempty compact convex subset
M of X such that for each y € X \ K there exists z € M such that f(z) < f(u) and
ep(v,2) < f(y) — f(2). Then, there exists v = v(u) € X such that

(i) fv) = fu);
(i) ep(v,x) = f(v) = f(x) forallx e {z € X: f(z) = fQu)}

Proof Let k' : X x X — (—00, 00] be defined by k'(x,y) = f(y) — f(x) and let g:
X x X — (—o00, 00] be the same as in Theorem 4.1, then, by the lower semi-continuity and
the convexity of f,

Wi={zeX:kK(u,2) <0} ={zeX: f(a) < fw)

is a nonempty closed convex subsets of X. Hence, the conclusion follows from Theorem 3.2.
]

The following theorem is a special case of Theorem 5.1 in [24].

Theorem 4.4 Let X be a Hausdorff t.v.s. and p: X x X — (—o00, o] be a {-function.
Suppose that there exist a nonempty compact subset K of X and a nonempty compact convex
subset M of X such that for each y € X \ K there exists 7 € M such that p(y, z) < 0. Then,
there exists v € X such that p(v, x) > 0 forall x € X.

Proof Take ¢ € R and let ¢ = 1. Define f: X — (—o00,00] by f(x) = ¢ forall x € X.
Then f is a Ls.c. and convex function. By Theorem 4.2, there exists v € X such that
pw,x) > f(v) — f(x) =0forall x € X. ]

Remark 4.3 It is easy to see that Theorems 4.2 and 4.4 are equivalent.

5 Equivalent formulations of EVP

Definition 5.1 Let X be a tv.s., f: X — (—o0,00] and p: X x X — (—00, 00] are
functions. We call that X satisfies (p, f)-condition if there exist a nonempty compact
subset K of X and a nonempty compact convex subset M of X such that foreachy € X \ K
there exists z € M such that p(y, z) < f(y) — f(2).

Below, unless otherwise specified, we shall assume that X is a Hausdorff t.v.s., f: X —
(—o00, oo]isal.s.c.and convex function, p: X x X — (—o00, oco]isa£-function and X satisfies
(p, f)-condition. In this section, we establish some existence theorems in Hausdorff t.v.s.
equipped with (p, f)-condition and prove that these theorems are equivalent to Theorem 4.2.

Theorem 5.1 (Common fixed point theorem for a family of multivalued maps) Let I be an
index set. For eachi € I, let T; : X — X be a multivalued map with nonempty values such
that for each (i,x) € I x X with x ¢ T;(x), there exists y = y(x,i) € X with y # x such
that p(x,y) < f(x) — f(y). Then there exists xo € X such that xo € (\;<; Ti (x0). That is,
{Ti}ic1 has a common fixed point in X.

iel
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Theorem 5.2 (Common fixed point theorem for a family of single-valued maps) Let I be
an index set. For each i € I, suppose that T; : X — X is a map satisfying

p(x, Tix) < f(x) — f(Tix)

for all x # T;(x). Then there exists xo € X such that T; (xo) = xo foralli € I.

Theorem 5.3 (Maximal element theorem for a family of multivalued maps) Let I be an index
set. Foreachi € I, letT;: X —o X be a multivalued map. Suppose that for each (x,i) € X x1
with T; (x) #£ @, there exists y = y(x,i) € X with y # x such that p(x,y) < f(x) — f(y).
Then there exists xo € X such that T; (xo) = @ foralli € 1.

Theorem 5.4 Theorem 4.2, Theorems 5.1, 5.2 and 5.3 are equivalent.

Proof

(1). “ Theorem 4.2<— Theorem 5.1”.

(=) Applying Theorem 4.2, there exists v € X such that p(v, x) > f(v) — f(x) for
all x € X. We want to show that v € ();.; T;(v). If v ¢ Tj,v for some ig € I, then,
by hypothesis, there exists w(v, ig) € X with w(v, ip) 7# v such that p(v, w(v, ip)) <
f)— f(w(v,ip)) < p(v, w(v, ip)), which leads to a contradiction. Hence v € T; (v)
forall i € I and v is a common fixed point of {7;};c;.

(<) Suppose that for each x € X, there exists y € X with y # x such that p(x, y) <
f(x)— f(»). Then for each x € X, we can define a multivaluedmap 7: X — X \ {{}
by

T(x)={yeX: plx,y) < f(x)— f}

Clearly, x ¢ T(x) for all x € X. By Theorem 5.1, T have a fixed point v in X, i.e.,
v € T (v). Hence we obtain a contradiction and Theorem 4.2 holds.

(2). “ Theorem 5.1<—=Theorem 5.2”.
(=) Under the assumption of Theorem 5.2, for each i € I,let G;: X — X be defined
by G;(x) = {T;(x)}. Then for each (i, x) € I x X withx ¢ G;(x), we have x # T;(x).
By hypothesis, p(x, T;jx) < f(x) — f(T;x) and hence, by Theorem 5.1, there exists
v € X suchthatv € ();.; G;(v) or Tjv = v foralli € I. This shows that Theorem 5.1
implies Theorem 5.2.
(«<) Under the assumption of Theorem 5.1, for each (i, x) € I x X with x ¢ T;(x),
there exists y(x, i) € X with y(x, i) # x such that p(x, y(x,7)) < f(x) — f(y(x,i)).
Then one can define g;: X — X by

iel

| x, ifx € T; (x)
gV =0 000, ifx ¢ T(x).

Hence g; is a selfmap of X into X satisfying p(x, gi(x)) < f(x) — f(gi(x)) for all
x # gi(x). By Theorem 5.2, there exists v € X such that v = g;(v) € T;(v) for all
i € I. This shows that Theorem 5.2 implies Theorem 5.1.
(3). “ Theorem 4.2<—> Theorem 5.3”.

(=) Applying Theorem 4.2, there exists v € X such that p(v, x) > f(v) — f(x) for
all x € X. We claim that 7;(v) = ¢ for all i € I. Suppose to the contrary that there
exists ip € I such that T;;(v) # ¥. By hypothesis, there exists w = w(v, ip) € X with
w # v such that p(v, w) < f(v) — f(w). Then, it leads to a contradiction. Therefore
T;(v) =@ foralli € I.
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(<) Suppose that for each x € X, there exists y € X with y # x such that p(x, y) <
f(x) — f(y). For each x € X, define a multivalued map 7: X — X \ {#} by

Tx)={yeX:pkx,y) < fx)—fM}

Then T'(x) # @ for all x € X. But applying Theorem 5.3, there exists xo € X such that
T (xp) = @. This is a contradiction. ]

The following minimization theorem is immediate from Theorem 4.2.

Theorem 5.5 (Minimization theorem) Suppose that for any x € X with f(x) > inf,ex f(2)
there exists y € X with 'y # x such that p(x,y) < f(x) — f(y) holds. Then there exists
X0 € X such that f(xg) = inf,cx f(2).

Proof Applying Theorem 4.2, there exists v € X such that p(v, x) > f(v) — f(x) for all
x € X.Weclaimthat f(v) = inf,cx f(z). Suppose to the contrary that f(v) > inf,cx f(x).
By our assumption, thereexists y = y(v) € X withy # vsuchthat p(v, y) < f(v)—f(y) <
p(v, y), which leads to a contradiction. Therefore f(v) = inf,cx f(2). ]

Remark 5.1

(a) Review the proof of Theorem 5.4, one can obtain a v € X such that
(1) p(v,x) > f(v) — f(x) forall x € X;
(2) v € T;(v) (T; is defined as in Theorem 5.1) or T;(v) = v (7; is defined as in
Theorem 5.2) foralli € I;
(3) T;(v) = @ (T; is defined as in Theorem 5.3) for alli € 1.

(b) Theorem4.2 and Theorem 5.5 are equivalent if one further adds the condition “p(x, y) >
0 for all x, y € X”. Indeed, it suffices to show that Theorem 5.5 implies Theorem 4.2.
Suppose that for each x € X, there exists y € X withy # x suchthat p(x, y) < f(x)—
f (). Then, by Theorem 5.5, there exists v € X such that f(v) = infycx f(x). By our
hypothesis, there exists w € X with w # v such that p(v, w) < f(v) — f(w) <0,
which leads to a contradiction.

6 Some applications

Applying Theorem 3.1, we have the following existence theorem of systems of semi-infinite
problem.

Theorem 6.1 Let I be any index set. For eachi € I, let X; be a nonempty subset of a t.v.s.
E;, Y; be a nonempty closed convex subset of a Hausdorff t.v.s. V;. Let X = [];c; Xi and
Y =lie; Yi. Foreachi € I, let fj: X x Y — (—o00,00]and g;j: ¥ x ¥; — (—00, 0]
be functions, T; : Y —o Y; be a multivalued map with nonempty convex values, and let
H ={yeYi: filu,y) <0, fory = (yi)ier € Y}. Letu € X. Foreachi € I, suppose that
there exists w = w(i, u) € Y such that f;(u, w) <0. Foreachi € I, suppose that

(i) fi(u,-)isls.c;
(ii) foreachy = (yi)ier €Y, & (y, yi) = 0;
(iii) foreachy € Y, T;(y) € H; and for each z; € Y;, T; (z;) is openinY;
(iv) foreachy €Y, gi(y, ) is quasiconvex and g;: Y x Y; — (—00, 00] is u.s.c.;
(v) there exist a nonempty compact subset K of Y and a nonempty compact convex subset
M; of Y; for each i € I such that for each y € Y\K there exist j € I and z; €
M; N Tj(y) such that g;(y, z;) <O.
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If h: Y — Zj is an u.s.c. multivalued map with nonempty compact values, where Zj is
a real t.v.s. ordered by a proper closed convex cone C in Zy, then there exists an optimal
solution to the following problem (P):

Minch(y)
objecttoy € Y, fi(u,y) <0and g;(y,z;) >0 (D
for all z; € T;(y) and for all i € 1.

Proof Foreachi € I, let
Ni={yeY: fi(u,y) <0and gi(y,z;) = Oforall z; € T; (y)}.

Then N; is closed in Y for all i € I. Indeed, for each i € I, let y; € cIN;. Then there
exists a net {y}4ea in N; such that y* — y;. Hence f;(u, y{") < 0 and g (y{*,z)) > 0
for all z; € T;(yj). Leta; € T;(y). Since T, (z;) is open in Y for each z; € Y;, T; is Ls.c.
Hence there exists a net {af}oea With af — a; such that af € T;(y7). So fi(u,y) <0
and g; (¥, aj') > 0. By (i), we have fi(u, y;) < 0. By (iv), we have g; (y;,a;) > 0. Hence
vi € N;j and N; is a closed set in Y. Let N = N;e;N;. Then N is closed in Y. Applying
Theorem 3.1, N # (). By (v), it is easy to see that N C K, where K is a nonempty compact
subset of Y in condition (v). Hence N is a nonempty compact subset of Y. Since h: ¥ —o Zj
is an u.s.c. multivalued map with nonempty compact values, it follows from Lemma 2.3 that
h(N) is compact. Then by Lemma 2.2 that Minch(N) # ¢. That is there exists a solution to
the problem (P). The proof is completed. O

Theorem 6.2 In Theorem 6.1, if we assume that h: Y — (—00, oo] is a l.s.c. function, then
there exists an optimal solution to the problem (P) as in Theorem 6.1.

Proof Let N be the same as in the proof of Theorem 6.1. By the lower semi-continuity of
h and the compactness of N, there exists v € N such that 4(v) = mina(N). The proof is
completed. O

Definition 6.1 Let X be a Hausdorff t.v.s. and p: X x X — (—00, oo] be a quasi-distance.
The (p, €)-flower petal associated with ¢ € (0, co) and a, b € X (in short, G P.[a, b]) is
the closed set

GP.la,b]={x € X:¢ep(a,x) < p(b,a) — p(b, x)}.
We denote
P(e,a,b) ={x € X:¢ep(a,x) < p(b,a) — p(b,x)}.

Obviously, G P¢[a, b] and P (¢, a, b) are convex and if the quasi-distance p with p(a, a) =
0, then G P;[a, b] is nonempty.

Theorem 6.3 (New variant of flower petal theorem) Let X be a Hausdorfft.v.s. Leta, b € X
ande > 0. Let p: X x X — (—00, 00] be a quasi-distance with p(a, a) = 0. Suppose that
there exist a nonempty compact subset K of X and a nonempty compact convex subset M of
X such that for each 'y € X \ K there exists z € M such that ep(u, z) < p(b,u) — p(b, 2)
andep(y,z) < p(b,y) — p(b, 7). Then there exists v € G P.[a, b] such that P(e, v, b) = .

Proof Define f: X — (—o00, c0] by f(x) = p(b, x). Then f is al.s.c. and convex function.
By Theorem 4.1, there exists v € X such that

(1) ep(a,v) < f(a) = f(v);
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(2) ep(v,x) > f(v) — f(x) forall x € X.

By (1), we have v € G P;[a, b]. By (2), we obtain ep(v, x) > p(b,v) — p(b, x) for all
x € X.Hence x ¢ P(g,v,b) forall x € X or P(e, v, b) = (. The proof is completed. O

The following minimax theorem is established by Theorem 4.2.

Theorem 6.4 (Minimax theorem) Let X be a Hausdorfftv.s. and p: X x X — (—00, 00]
be a C-function. Let F : X x X — (—00, 00] be a function satisfying for each y € X, the
function x — F(x,y) is L.s.c. and convex. Suppose that

(i) foreachx € X with{u € X: F(x,u) > inf,cx F(a,u)} # @, thereexistsy = y(x) € X
with 'y # x such that

p(x,y) < F(x,w) — F(y,w) forallw € X;

(ii) there exist a nonempty compact subset K of X and a nonempty compact convex subset
M of X such that for each 'y € X \ K there exists z € M such that p(y, z) < F(y, w) —
F(z, w) forallw € X.

Then inf ¢ x supyex F(x,y) =sup,cx infyex F(x,y).

Proof Applying Theorem 4.2, for each z € X, there exists v(z) € X such that p(v(z), x) >
F(v(z),z)— F(x,z)forallx € X.Lety = SUPyex infyex F(x,y). Theninfycx F(x, y) <
y forall y € X. Wefirstshow that (|, .y {x € X: F(x, y) < y} # #. Suppose to the contrary
that ﬂyex{x € X: F(x,y) <y} =0@. Then v(z) ¢ ﬂyex{x € X: F(x,y) < y} forall
z € X. Hence there exists wg = w(v(z)) € X such that F(v(z), wg) > inf,cx F(a, wg) or
wo € {u € X: F(v(z),u) > infex F(a,u)}. So, {u € X: F(v(z),u) > inf,ex F(a,u)} #
¢ for all z € X. Hence for each z € X, there exists y = y(v(z)) € X with y # v(2)
such that p(v(z), y) < F(v(z), w) — F(y, w) for all w € X. This leads to a contradiction.
Hence ﬂyex{x € X: F(x,y) <y} #@. Letc € ﬂyex{x € X: F(x,y) < y}. Then,
sup,cx F(c, y) < y. It follows that

inf sup F(x,y) < sup F(c,y) < sup inf F(x,y).
YeX yex yex yex ¥eX

Since SUpPyex infyey F(x,y) < infycyx SUpycx F(x,y) is always true, we show that

infyex supyex F(x, y) = supcy infrex F(x, y). |

Example B Let X = [«, ] C R with the metric d(x, y) = |x — y|, where B > « > 0. Let
F: X x X — Rbedefined by F(x, y) = x2 — y2, then it is easy to see that for each y € X,
the function x — F(x, y) is a l.s.c. and convex function on X and inf,cx supyex F(x, y) =
sup,cy infrex F(x, y) = 0. Note that for each x € (e, B, F(x,y) = x? —y? > a? —y? =
inf,ex F(a,y) forally € X.Hence X ={u € X: F(x,u) > inf,ex F(a,u)} # ¢ for all
x € (a, B]. For any x, y € (o, ] with x > y, we have

| 2 1
d(x,y):x—y<2—(x —y)=—(Fx,u)— F(y,u))
o 2a

forall u € X. Define a £-function p: X x X — Rby p(x, y) = 2ad(x, y). Thus p(x, y) <
F(x,u) — F(y,u) forall x, y € (o, f] with x > y and all u € X. By Theorem 6.4, we also
show that inf,cx SUpycx F(x,y) = SUpycx infyex F(x,y).

Applying Theorem 4.4, we establish a generalization of Schauder’s fixed point theorem.
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Theorem 6.5 Let (X, ||-||) be a normed vector space and T: X — X be a continuous map.
Suppose that there exist a nonempty compact subset K of X and a nonempty compact convex
subset M of X such that for each 'y € X \ K there exists z € M such that |z — Ty| <
ly — Tyll. Then T has a fixed point in X.

Proof Define p: X x X — (—00, 00] by
plx,y)=Iy—=Tx|| = llx = Tx]|.

Then it is easy to see that p is a £-function. By Theorem 4.4, there exists v € X such that
pw,x) >0or|x —Tv| > |lv—Tv| forall x € X. Since Tv € X, we have

0<|lv=Tv| <|ITv—Tv||=0.
This implies that Tv = v and v is a fixed point of T'. O

Corollary 6.1 (Schauder’s fixed point theorem) Let X be a compact convex subset of a
normed vector space (E, ||-||) and T: X — X be a continuous map. Then T has a fixed point
in X.
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